Let p, q be distinct primes satisfying gcd(p − 1, q − 1) = d and let D i , i = 0, 1, · · · , d − 1, be Whiteman's generalized cyclotomic classes with Z * pq = ∪ d−1 i=0 D i . In this paper, we give the values of Gauss periods based on the generalized cyclotomic sets
Introduction
Pseudo-random sequences with good statistical property are widely used as basic blocks for constructing stream ciphers. After the Berlekamp-Massey algorithm (BMA) for LFSRs [16] and the rational approximation algorithm for FCSRs [17] were presented, the linear complexity and 2-adic complexity of the key stream sequence have been regarded as critical security criteria and both are required to be no less than one half of the period.
Sequences from cyclotomic and generalized cyclotomic classes are important sequences for constructing codebooks [11, 14] , frequency hopping sequences [27] , optical orthogonal codes [2, 6, 7] , and cyclic codes [8, 9] . Most cyclotomic sequences and generalized cyclotomic sequences have been proved to be with large linear complexity [1, 10, 15, 26] . However, there are only a handful research papers that focus on 2-adic complexities of these sequences. In fact, although the concept of the 2-adic complexity has been introduced for more than two decades, there are only a few kinds of sequences whose 2-adic complexities have been completely determined. For example, in 1997, Klapper has pointed out that an m-sequence with prime period has maximal 2-adic complexity [17] . In 2010, Tian and Qi showed that the 2-adic complexity of all the binary m-sequences is maximal [20] . Afterwards, Xiong et al. [22] presented a new method using circulant matrices to compute the 2-adic complexities of binary sequences. They showed that all the known sequences with ideal 2-level autocorrelation have maximum 2-adic complexity. Moreover, they also proved that the 2-adic complexities of Legendre sequences and Ding-Helleseth-Lam sequences with optimal autocorrelation are also maximal. Then, using the same method as that in [22] , Xiong et al. [23] pointed out that two other classes of sequences based on interleaved structure have also maximal 2-adic complexity. One of these two classes of sequences was constructed by Tang and Ding [18] , which has optimal autocorrelation, the other was constructed by Zhou et al. [29] , which is optimal with respect to the Tang-Fan-Matsufuji bound [19] .
The modified Jacobi sequence is one of sequence families constructed by Whiteman generalized cyclotomic classes [3, 4] . Green, Green, and Choi [12, 13] have proved that these sequences have large linear complexity and low autocorrelation in many cases. To the best of our knowledge, among Jacobi sequence families, there is no other result about the 2-adic complexities of these sequences other than twin-prime sequences and another class of sequences constructed from Whiteman generalized cyclotomic classes of order 2. The former sequences have ideal autocorrelation and they were proved to have maximal 2-adic complexity by Xiong et al [22] , and the latter class has been proved to have maximal 2-adic complexity by Zeng et al. [28] .
In this paper, we study the 2-adic complexity of the modified Jacobi sequences. We determine the Gauss periods of Whiteman generalized cyclotomic classes and then give a general lower bound on the 2-adic complexity, i.e., we prove that the 2-adic complexity of all these sequences is lower bounded by pq − p − q − 1 with period N = pq. As a special case, we can also confirm that the twin-prime sequence has maximal 2-adic complexity.
The rest of this paper is organized as follows. Some necessary definitions, notation, and previous results are introduced in Section 2. Gauss periods based on two Whiteman generalized cyclic sets are given in Section 3. A lower bound on the 2-adic complexity of the modified Jacobi sequence is given in Section 4. Finally we summarize our results and give some remarks in Section 5.
Preliminaries
Let N be a positive integer, {s i } N−1 i=0 a binary sequence of period N , and S(x) =
then the 2-adic complexity 2 (s) of the sequence {s i } N−1 i=0 is defined as the integer log 2 n , i.e.,
where x is the greatest integer that is less than or equal to x. Let p = df + 1 and q = df + 1 (p < q) be two odd primes with gcd(p − 1, q − 1) = d, where d, f, f are positive integers. Define N = pq, L = (p − 1)(q − 1)/d. The Chinese Remainder Theorem guarantees that there exists a common primitive root g of both p and q. Then the order of g modulo N is L. Let x be an integer satisfying x ≡ g (mod p), x ≡ 1 (mod q). The existence and uniqueness of x (mod N) are also guaranteed by the Chinese Remainder Theorem. In [21] , Whiteman presented the definition of the following generalized cyclotomic classes
of order d. Moreover, he proved
where ∅ denotes the empty set. In particular,
The corresponding generalized cyclotomic numbers of order d are defined by
In other words, (i, j ) d is the number of solutions s, t of the congruence
where the values of s and t are each selected from the integers 0, 1, . . . , L−1. The following properties of the generalized cyclotomic numbers have also been given by Whiteman in [21] :
where
If i ∈ D 2j , then i = g t x 2j for some 0 ≤ t ≤ L − 1. Then i ≡ g t+2j (mod p) and i ≡ g t (mod q). In this case, i
Therefore it is not difficult to verify that the modified Jacobi sequence is also equivalent to the following sequence
In this paper, we discuss its 2-adic complexity using properties of generalized cyclotomic classes. Note that D * 0 is a subgroup of Z * N . In this paper, we first determine the Gauss periods based on generalized cyclotomic classes D * 0 and D * 1 . Then, using these Gauss periods, a lower bound on the 2-adic complexity of the modified Jacobi sequence will be given. To this end, we first list the following properties of the above sets (The proofs of these properties can also be found in many literatures, for example, [24] ).
Lemma 1
For any a ∈ Z N and B ⊆ Z N , we denote aB = {ab | b ∈ B}. Then we have the following properties.
(1) For each fixed a ∈ D i , we have aD j = D (i+j) (mod d) , aP = P and aQ = Q, where i, j = 0, 1, · · · , d − 1.
(2) For each fixed a ∈ P , if b runs through each element of D i , i = 0, 1, · · · , d − 1, then ab runs each element of P exactly p−1 d times. Symmetrically, for each fixed a ∈ Q, if b runs through each element of D i , i = 0, 1, · · · , d − 1, then ab runs each element of Q exactly q−1 d times.
(3) For each fixed a ∈ P , we have aP = P , aQ = R. Symmetrically, for each fixed a ∈ Q, we have aQ = Q, aP = R. (4) For each fixed a ∈ D * i , we have aD * j = D * (i+j) (mod 2) , aP = P and aQ = Q, where i, j = 0, 1.
Let ω N = e 2π √ −1/N be a N th complex primitive root of unity. Then the additive character χ of Z N is given by
and Gauss periods of order d are defined by
It is well-known that
and
In the sequel, we also need the following two useful results that are essentially proved by Whiteman [21] .
The following result for the case of i = j follows similarly as Lemma 2 in [21] and the result for the case of i = j comes from Lemma 4 in [21] .
Gaussian periods of Whiteman generalized cyclotomic classes
Define
In this section, we determine the values of Ω 0 and Ω 1 .
Theorem 1 Let p = df +1, q = df +1 be distinct primes satisfying gcd(p−1, q −1) = d and let D * i be the generalized cyclotomic set defined in Section 2 and Ω i be the Gauss period based on D * i , where i = 0, 1. Then we have
, if ff is even and d ≡ 2 (mod 4),
Proof From the definition of the generalized cyclotomic classes, for any τ ∈ D k , it can be easily verified that τ −1 ∈ D (d−k) (mod d) . Then, by Lemma 1, for any 0 ≤ i, j, k ≤ d − 1, we have
For simplicity, we often use
If ff is odd, then, by Lemma 2, we have −1 ∈ D 0 . Therefore, using Lemma 3, we get
where (p−1)(q−1) d in the above expression counts the number of occurrence such that x = y ∈ D 2i . Therefore, we have
where (14) comes from (4) . Similarly, we can get
Then,
where (15) is obtained from (11) and (16) is obtained from (5) and (17) holds because of (6). Moreover, from (11), we know that Ω 0 + Ω 1 = 1 and
Then we obtain Ω 0 Ω 1 = 1−pq 4 , which implies Ω 0 = 1± √ pq 2 and
Suppose that ff is even, by Lemma 2, we have −1 ∈ D d 2 . Let d ≡ 2 (mod 4), i.e., d 2 is odd. Then, for any 0 ≤ i, j ≤ d 2 − 1 with i = j , we know that 2i + d 2 ≡ 2j (mod d) and 2i + 1 + d 2 ≡ 2j + 1 (mod d). Therefore,
where we use (4) and (5) to simplify the above expressions. Similarly, we can get
Then we get
where (18) is obtained from (11) and (19) is obtained from (6) . For the case of even ff and d ≡ 0 (mod 4), the result can be obtained similarly.
A lower bound on the 2-adic complexity of Jacobi sequence
Let {s i } N−1 i=0 be a binary sequence with period N and we recall that
Let A = (a i,j ) N×N be the circulant matrix defined by a i,j = s i−j (mod N) and we view A as a matrix in the field C of complex numbers. The following results are obtained in [5] and [22] respectively.
In this section, using Gauss periods which have been determined in Section 3, we will give a lower bound on the 2-adic complexity of the modified Jacobi sequence.
i=0 be the modified Jacobi sequence with period N = pq. Then we have
Proof By the definition of S(x), we obtain
Firstly, if a = 0, then it is easy to see S(ω a N )
Secondly, if a ∈ D * 0 , by Lemma 1 and (9), then we have S(ω a N ) = If a ∈ P , again by Lemma 1, we have
Similarly, if a ∈ Q we have
The result follows.
Lemma 6
Let p and q be two distinct odd prime numbers and N = pq. Then we have gcd(2 p − 1, 2 N −1 2 p −1 ) = gcd(2 p − 1, q) and gcd 2 q − 1, 2 N −1
Particularly, if p < q, then we have gcd 2 q − 1, 2 N −1
Proof Note that
Then we obtain 2 pq −1 2 p −1 ≡ q (mod 2 p − 1) and 2 pq −1 2 q −1 ≡ p (mod 2 q − 1) respectively, which imply gcd 2 p − 1, 2 N −1 2 p −1 = gcd(2 p − 1, q) and gcd 2 q − 1, 2 N −1
respectively. Particularly, for p < q, if gcd(2 q − 1, p) > 1, i.e., p | 2 q − 1, then the multiplicative order of 2 modulo p, denoted as Ord p (2) , is a divisor of q. Because q is a prime number, we must have Ord p (2) = q. By Fermat's little theorem, we know that p | 2 p−1 −1. Therefore, we have q ≤ p −1, which contradicts to the hypothesis that p < q. The desired result follows.
Theorem 2 Let p = df + 1 and q = df + 1 be two odd primes satisfying gcd(p − 1, q − 1) = d and p < q. Suppose {s i } N−1 i=0 is the modified Jacobi sequence of order d with period N = pq. Then the 2-adic complexity
In particular, if q = p + 2, then the 2-adic complexity of {s i } N−1 i=0 is maximal.
Proof By Lemmas 4 and 5, we can get 
From Theorem 1, we know that Ω 0 Ω 1 = 1−pq 4 if ff is odd or if ff is even and d ≡ 0 (mod 4), and Ω 0 Ω 1 = 1+pq 4 if ff is even and d ≡ 2 (mod 4). Then we have
, if ff is even and d ≡ 2 (mod 4).
Now, let r be a prime factor of 2 N − 1 and Ord r (2) be the multiplicative order of 2 modulo r. Then we get Ord r (2) | N . Note that N = pq. Therefore, Ord r (2) = pq, p or q. Next, we will prove gcd(det(A), 2 N − 1) ≤ (2 p − 1)(2 q − 1). To this end, we need to discuss the following three cases. Case 1. Ord r (2) = pq. By Fermat's little Theorem, we know that r | 2 r−1 − 1, which implies Ord r (2) ≤ r − 1. Since Ord r (2) = pq, then we have pq ≤ r − 1, i.e., r ≥ pq+1. Obviously, we have p+1 2 < pq+1, q−1 2 < pq+1, and pq±1 4 < pq+1. Hence gcd(det(A), r) = 1. In this case, r can not be a factor of det(A). Therefore, r can not be a common factor of det(A) and 2 N − 1 in the case of Ord r (2) = pq. Case 2. Ord r (2) = p. It is obvious that r | 2 p − 1. Using similar arguments to that in Case 1, we can get r ≥ p + 1, which implies gcd p+1
correspond to the two cases in (23)), then we have gcd(r, q) = 1.
Furthermore, by Lemma 6, we know gcd 2 p − 1, 2 N −1 2 p −1 = gcd(2 p − 1, q). Thus we have gcd r, 2 N −1 2 p −1 = 1. This implies that r can not be a common factor of det(A) and 2 N −1 2 p −1 in the case of Ord r (2) = p. Case 3. Ord r (2) = q. It is obvious that r | 2 q − 1. From Lemma 6 we know that gcd 2 q − 1, 2 N −1 2 q −1 = 1, which implies that gcd r, 2 N −1
can show that r can not be a common factor of det(A) and 2 N −1 2 q −1 in the case of Ord r (2) = q.
Therefore, combining the above Cases 1-3, we always have gcd(det(A), 2 N − 1) ≤ (2 p − 1)(2 q − 1) and gcd det(A),
Finally, by (2), we get
In particular, if q = p + 2, then we know that ff is even, which implies that det(A) = . From the above argument, we know that
However, the smallest possible prime factors of 2 p − 1 and 2 p+2 − 1 are 2p + 1 and 2p + 5 respectively, we must have gcd p + 1 2 , 2 p(p+2) − 1 = 1.
The desire result follows.
Example 1 Let p = 5 and q = 17. Take g = 3 and then x = 18. We note that The support set of the modified Jacobi sequence of period 5 × 17 = 85 is C 1 = D 1 ∪ D 3 ∪ P . Here ff = 4 is even and d = gcd(p, q) = gcd(4, 16) = 4 ≡ 0 (mod 4). In this case, Det(A) = 2 × 3 17 × 8 5 × 21 32 . Moreover, the 2-adic complexity of this sequence is maximum. We have verified these results by a Mathematica program.
Summary and further remarks
In this paper, we derived Gauss periods of a class of generalized cyclotomic sets from Whiteman generalized cyclotomic classes. As an application, a lower bound on the 2adic complexity of the modified Jacobi sequence was determined. Our result shows that the 2-adic complexity of the modified Jacobi sequence with period N = pq is at least pq − p − q − 1, which is obviously large enough to resist against the RAA for FCSR.
It is necessary to point out that sequences derived from Jacobi symbols, such as Jacobi sequence, the modified Jacobi sequence and variations of modified Jacobi sequences [25] , are closely related. Indeed, both modified sequences are just slight modifications of Jacobi sequences only on those terms s i with gcd(i, N ) > 1. Therefore, the calculation of Gauss periods and the method of determining the 2-adic complexity in this paper can also be adapted to calculate the 2-adic complexity of Jacobi sequences and similar modifications of Jacobi sequences.
